Abstract. This paper describes the modified Hauser-Feshbach formalism used to compute accurately fission cross sections for low-energy neutrons (from a few keV up to 5.5 MeV) in presence of intermediate structure in the second well. Application to the large plutonium isotope family (236 to 244) has been made with in particular reliable predictions of the cross sections of the short-lived nuclides. Special attention is paid to the choice of the model parameters entering in the calculations.
Introduction
The decay of a compound nucleus by fission is a complex multi-dimensional problem, whose description still requires many model parameters. The elucidation and physical understanding of these parameters is an ongoing research process, and this paper reports our progress in the study of the fission cross-sections for a long sequence of plutonium isotopes. Our ultimate goal is to replace many fitting parameters ubiquitous in current data evaluations with physically sound theory with fewer parameters. If successful, such an approach would lead to reliable predictions of the fission cross-sections of nuclides for which measurements are unavailable or very poor, while at the same time deepen our understanding of the fission process.
Here we present results obtained with a modern version of the AVXSF code (AVerage Cross Section of Fission), which treats in great detail the intermediate structure due to the presence of a second well on the fission path. The correct modeling of the class-II states properties and in particular, their coupling with the levels present in the first well as well as to the continuum, is crucial to infer meaningful barrier heights. Experimentally, those barrier heights can be inferred from an analysis of low-energy neutron-induced fission cross sections in the case of fertile nuclei, and transfer reactions leading to fission, e.g., (t, p f ), in the case of fissile nuclei. The AVXSF code can treat both situations adequately in order to extract fission barrier heights.
In the following, the theory and main equations implemented in the AVXSF code are introduced. Approximate formulae valid in specific situations are also discussed. A Monte Carlo option is used when analytic approximations fail and a full sampling of the level characteristics distributions is needed. We then present preliminary results on the neutron-induced fission cross sections obtained for a suite of plutonium isotopes, for which a consistent set of model input parameters was developed. Our analysis encompasses neutron incident energies from a few keV up to 5.5 MeV, just below the onset of second-chance fission. The importance of fission barrier heights, nucleon pairing gaps and level densities is emphasized. This paper concludes on some examples of predicted cross sections with some reliability for the short-lived nuclides of the Pu series.
Theoretical Background

Hauser-Feshbach Theory.
The central postulate of the compound nucleus theory, the independence of formation and decay, is embodied in the Hauser-Feshbach formula [1] for average reaction cross-sections. In this a factor for the magnitude of the partial wave, embodying energy and spin-coupling factors, is multiplied by the product of transmission coefficients for the entrance and exit channels divided by the sum of transmission coefficients for all open channels. The individual transmission coefficients are envisaged as having a factor expressing the fraction of the internal nuclear wave-function near the compound nucleus surface being in the configuration of the channel and a factor expressing the penetrability of this component across the nuclear surface and through any external potential barriers in the channel. The same Hauser-Feshbach expression can be obtained by averaging over the Breit-Wigner single level formula describing the "microscopic" behaviour of the cross-section. This latter derivation shows that the transmission coefficient can be related to the ratio (the strength function) of the partial width for the channel to the level spacing of the resonances. This derivation gives the Hauser-Feshbach formula exactly if the partial widths are uniform from resonance to resonance. The highly fluctuating behaviour of the partial widths (described by the Porter-Thomas distribution [2] ) implies that the Hauser-Feshbach formula is not exact and in practical use it is multiplied by a "fluctuation averaging" factor. When many channels are open this can be reduced to a one-dimensional numerical integral [3] denoted in this paper as S (with subscripts denoting entrance and exit channel, as necessary) . Other complications arise when the average partial widths approach or exceed the level spacing. In this case the relation of the transmission coefficient to the strength function becomes more complicated [4] .
Inclusion of fission in Hauser-Feshbach theory.
Fission can be accommodated straightforwardly within this framework if the fission barrier is single humped. A very heavy nucleus is inherently unstable towards fission and since the whole nucleus is undergoing prolate deformation towards the scission point the fission transmission coefficient is governed solely by the penetrability through the fission barrier, which, in the liquid drop model, is governed by the constraining effect of the 'surface tension' forces on the repelling Coulomb forces. The Hill-Wheeler formula [5] for the transmission of a wave through a barrier of inverted harmonic oscillator form is normally used for this penetrability factor. As the deforming nucleus passes through this barrier it will be in a specific state of 'internal' excitation energy, the 'internal' degrees of freedom comprising collective degrees of freedom other than prolate deformation as well as nucleon degrees of freedom. This state of internal excitation reduces the energy available for deformation and this energy deficit is included in the Hill-Wheeler penetrability factor. The overall fission transmission coefficient is the sum of all the non-negligible penetrability factors for the various intrinsic states at the barrier.
Within a strict reaction theory, such as R-matrix theory, fission comprises a very large number of channels, which are formally defined at or beyond the scission point as the incipient fission product pairs in a multitude of states of excitation energy and angular momentum relationships. This gives rise to the expectation that the total fission width should be nearly uniform from resonance to resonance, just as total radiation widths are. However, A. Bohr [6] showed that important post-scission behaviour aspects of the fission products, such as overall angular distribution, are dependent on the state of intrinsic excitation at the saddle point and proposed that these intrinsic states (henceforward referred to also as transition states) should be regarded as the 'physical' channels. The fact that experimental measurements of fission widths in the resonances of fissile nuclei showed that they fluctuate widely from resonance to resonance reinforced this point of view. In fact, the fission widths at the scission point are all correlated with each other to the extent that their common derivation is from a single transition state. We therefore have the concept of a barrier channel for each transition state, each is associated with its own mean width, or, equivalently, strength function (given by the Hill-Wheeler factor) and Porter-Thomas distribution, and they can be included as such in the Dresner integral for the fluctuation averaging factor. 
The impact of the Double Humped Fission Barrier.
The deformation energy of the nucleus involves the changing energy levels of the single nucleons as well as the gross properties such as surface tension and coulomb energy. Strutinsky [7] showed how the 'quasi-magic' effects in the grouping of nucleon levels at certain deformations could have marked effects on the overall energy of the nucleus as a function of deformation. In particular, these effects give rise to a double maximum (or even more complicated form) in the prolate deformation energy of the actinides (see Fig. 1 ). His theory explained the spontaneously fissioning isomers with relatively low spin (at excitation energies well above the normal spin isomer range) in this group of nuclides as well as striking intermediate structure in their fission cross-sections.
The intermediate structure has major implications for the Hauser-Feshbach formalism. At the 'macroscopic' level the fission transmission coefficient T f can be modified by the statistical argument of Bjørhnolm and Strutinsky [8] , which sees the system as traversing the inner barrier A with transmission coefficient T A , equilibrating within the secondary well II and either returning through the inner barrier or traversing the outer barrier B with transmission coefficient T B , and then going on irrevocably to fission. The fission transmission coefficient is then derived as
This modification is very suitable for excitation energies much higher than the barrier, when many transition states are fully open, but even then requires refinement when the microscopic implications of the double-humped barrier (i.e. the intermediate structure resonances) are taken into account.
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Formal description of intermediate structure.
The cross-sections with intermediate structure effects can be well described within the framework of R-matrix theory. The development here is based on the framework of theory set up in references [9, 10] . In this, the internal nuclear region is explicitly extended to include the deformation through the saddle points of the double-humped barrier towards fission. The channel boundary for this degree of freedom is set at the outer barrier and channels are defined there for each transition state in the spirit of Aage Bohr. The Hamiltonian for the internal system can be written as the sum of a component, which includes the double-humped barrier as the potential energy term (see Fig. 1 ), for the prolate deformation, one for the other ('intrinsic') degrees of freedom and a mixing (or coupling term) between the two. Suitable boundary conditions are imposed at all the channel boundaries so that the solutions to the Hamiltonian are a set of discrete eigenstates. It can be seen that the wavefunctions of the first component (the so-called vibrational wavefunctions) have the feature of either large amplitude in the primary well (I) and small amplitude in the secondary well (II) or vice versa. The first type are classified as class-I vibrational states and the second as type II. We can now set up a set of class-I compound states by combining the solutions of the intrinsic component with the class-I vibrational states and mixing them by including the coupling term in the diagonalization of the sub-Hamiltonian matrix thus defined. Similarly, we can define a set of class-II compound states.
At this point we mention some basic properties of the class-I and class-II compound states. First, because the only wave-function components that will carry significant deformation amplitude at the outer barrier are the highest energetically available class-II vibration states only the class-II compound states will have a fission width. Second, because the class-II compound states carry no ground state deformation amplitude (in the primary well) they have no neutron width. Thirdly, the radiation widths of the two classes are quite different. The class-II state will only de-excite to states in the secondary well, the cascade terminating at the spontaneously fissioning isomer, and the radiation width magnitude can be different from the that of the class-I states. Without some mixing with the class-I compound states the class-II states cannot show up in the cross-sections of a nucleus in its ground state. Similarly, the class-I states will have no fission cross-section.
The two sets of compound states together must be diagonalized to give a final set of compound Rmatrix states that reveal the fission cross-section, using the coupling matrix elements connecting basis states with class-I vibrational components to those with class-II vibrations. At sub-or near barrier energies these matrix elements are very small owing to the very small overlap between the two classes of vibration. Therefore, there are relatively simple solutions to this final diagonalization.
Because the secondary well is some 2 to 3 MeV shallower than the primary well, the class-II compound states are much less dense than the class-I states at a given excitation energy. This allows the study of the mixing of a single class-II state with its many class-I neighbours as a very good approximation at sub-or near-barrier energies. This case can be solved exactly. In the special case of uniform widths and coupling matrix elements of the class-I states, the solution shows that the spreading of the class-II fission width into the final compound states is Lorentzian in form. Its width is proportional to the ratio of the squared coupling matrix element | λ I |H c | λ II | 2 to the level spacing D I of the class-I states. From this ratio we define the class-II state coupling width
If the coupling width is much larger than the class-II state fission width this Lorentzian expression is a good approximation to the fission widths of the final fine structure resonance states. However, if the class-II fission width is of similar magnitude or much greater than the coupling width then we still have to take into account that these are the R-matrix state properties and we still have to connect the internal nuclear region to the channels to obtain the collision matrix. When the R-matrix state channel widths are large compared with the level spacing this connection can cause a large difference between the widths of the collision matrix poles, which give the cross-section properties directly, and those of the R-matrix states. Thus we find the approximate expression for the fission widths of the poles (ignoring complex phase factors) is EPJ Web of Conferences 08004-p.4
The level spacing D λ is approximately the class-I level spacing. With these fission width parameters inserted into the Breit-Wigner single-level formula for the fine structure resonances we obtain the cross-section through the intermediate resonance. This clustering of the fission width into narrow regions necessarily reduces the average fission cross-section. Averaging over the resonance profile, with the superposition of similar profiles from the full sequence of class-II states added, gives the Back-Lynn expression [11] for the average fission cross-section. We denote this average by σ IS ,un , the "un" subscript denoting that it is derived for uniform class-II and class-I level parameters. The BackLynn formula is very different in form from the Hauser-Feshbach formula at near-barrier energies and below, although it does give the same result asymptotically at well above the barrier.
The effect of level width fluctuations.
Although the class-II level density is much smaller than the class-I density, at neutron separation energies and above it is still sufficiently high to be well within the 'quantum chaos' regime and we can expect large fluctuations in the coupling and fission widths from level to level. A quantitative assessment depends on the number of channels (transition states) open or partially open at the outer barrier and inner barrier. The concept of channels at the fission barrier was well established by Aage Bohr for single hump barrier and applies immediately to the outer barrier. We have shown that the same concept can be applied in the statistical sense to the inner barrier and the expression for the coupling width in terms of the coupling matrix element given above can be broken up into a sum of partial coupling widths for the transition states at the inner barrier. The widths of these channels are uncorrelated and will each have a Porter-Thomas distribution associated with it.
We first consider the effect on the statistical model modification of the fission transmission coefficient (eq. 1) in the Hauser-Feshbach formula. Equation 1 can also be derived from the microscopic theory. But this derivation shows that the rhs of (1) needs to be averaged over the class-II width fluctuations. This results in the multiplication of the rhs of (1) by a Dresner-type integral, which we denote by S II . Thus, in the high energy regime, we can use the Hauser-Feshbach theory with the Bjørhnolm-Strutinsky fission transmission coefficient (1) modified by S II , and the fine structure fluctuation factor S I applied in the usual way. At lower energies the Back-Lynn formula looks intractable to the fluctuation averaging treatment that can be applied to the Hauser-Feshbach formula, but we note that the asymptotic equivalence well above barrier of B-L to H-F implies that the approximation
is useful at lower energies. For the most accurate treatment of the sub-to near-barrier regime, however, we use a Monte Carlo treatment of Eq. 3 that includes the fluctuations of both class-II and class-I levels. We carry out a large number of trials, in each of which we select a coupling matrix element for each significant inner barrier transition state from the mean square matrix element as calculated from the inner barrier transmission coefficient for that transition state. The selection is done by the use of pseudo-random numbers to draw from a zero-mean gaussian distribution, thus ensuring that the squared matrix element is drawn from a Porter-Thomas distribution. We do the same for the outer barrier channels. The coupling matrix elements thus selected give the mean coupling width for that particular class-II state, and from them we select the matrix elements for individual class-I states, and thus, on using Eq. 3, obtain the individual resonance fission widths. We also select the reduced width amplitudes for elastic and inelastic neutron widths from appropriate gaussian distributions. Class-I and class-II individual level spacings are selected taking into account the form of their statistical distributions including long-range fluctuations. The partial widths for each individual resonance are then used to give the average contribution to the average cross-sections from that resonance. After many trials reasonably accurate estimates of the overall average cross-sections are obtained.
Comparison of the results of the Monte Carlo treatment with Eq. 4 for several cases indicates that the Monte Carlo treatment gives fission cross-section values that are up to 25% lower than the approximate analytic values. Overall, taking account of both intermediate structure and width fluctuations of all kinds lowers the estimated fission cross-section for given barrier heights by large amounts. In practice, using the exact treatment can lower the barrier height derived from the analysis of experimental data by up to one half MeV.
In the central part of our work, the creation of an efficient code AVXSF to obtain fission and related cross-sections using the best physics understanding available, the dual analytical and MC approaches have been followed for calculating the most accurate average cross-sections for each partial wave versus excitation energy. The calculation of the S I and S II fluctuation integrals was usually carried out by numerical quadrature or analytically in certain special cases. At sub-barrier energies the Back-Lynn formula modified by fluctuation integrals is automatically used but is superseded by the MC calculation when the number of open channels (including inelastic neutron channels) is not prohibitively great.
Preliminary Results
Model Parameters
Fission Barriers
The present work is based on one-dimensional barrier penetration theory which well-known approximated results due to Hill and Wheeler [5] assume inverted parabolic barriers. The associated parameters are usually derived from experimental observations and theoretical assessments. Table 1 displays our preliminary parameters, while Figs. 2 and 3 compare barrier heights with those supplied by Bjørnholm and Lynn [10] , Möller et al. [12] , and alternatively compiled in the RIPL-3 database [13] . This latter includes two sets of fission barrier heights, one determined empirically by V. Maslov [14] from experimental fission cross sections near threshold, and another based on HartreeFock-Bogolyubov calculations by S. Goriely [15] . Straightforward comments can be made from these Figures. The overview of our results shows well their compatibility with those from literature. Although the heights obtained in the HFB calculations for both barriers are consistent with our results in the case of the lower fissioning nucleus mass numbers, they are systematically higher from mass number "240". This latter trend is also verified when comparing to the theoretical calculations by Möller et al. [12] . But the most relevant tendency shows up in terms of long-range variation over the whole set of mass numbers. The results from both microscopic calculations by S. Goriely [15] and macro-microcopic calculations by Möller et al. [12] increase smoothly with the increase of the fissioning system mass number whereas our barrier heights follow an odd-even character-type. The so-called "empirical" height data extracted by V. Maslov [14] , which are of evaluated-type as well, are much more consistent with our results. 
Individual and Continuum States
At low excitation energies above fundamental barriers in the fissioning systems, dedicated sequences of individual transition states were established during this study. Similarly, sequences of low-lying states were set up for the target nuclei. Data consistency was insured among all compound nucleus systems ruled by their even-even or even-odd characteristics. Indeed the former characteristic implies only collective states at low energy rather than even-odd systems require the introduction of low energy quasi-particle intrinsic states. The construction of the individual state sequences has been already described in Ref. [16] and will not be commented in these proceedings. However we want to recall that a good agreement between experimental and simulated fission cross sections at low neutron incident energies is strongly dependent on the individual sequences finally adopted. Approximatively 1 MeV above the onset of each individual states sequence, a combinatorial procedure is adopted to construct level densities as a function of the excitation energy and the nucleus deformation. This procedure is a generalization of the method used for creating the individual state sequences and deals with multi-combinations of neutron and/or proton quasi-particle states (leading to 1qp, 3qp, 5qp, etc. or 2qp, 4qp, 6qp, etc. states) and multi-combinations of mass asymmetry, bending, gamma, etc. vibrational states. Subsequent combinations of these multi-quasi-particle and multivibrational states are made to form the combinatorial rotational band heads. Other sensitive ingredients of this procedure are the values of the neutron (∆ n ) and proton (∆ p ) pairing gaps at the Fermi energy and those of the moments of inertia 2 /(2ℑ), all deformation dependent. Fig. 3 . Systematics of Pu fission outer barrier heights extracted from this work, and compared with previous estimations from Bjørnholm and Lynn [10] , theoretical calculations by Möller et al. [12] and the values reported in the RIPL-3 database [13] .
Nucleon Pairing Gaps
Gogny force by Delaroche et al. [17] or the macro-microcopic calculations by Möller et al. [12] , indicate that the nucleus deviates from axial symmetry at the first saddle point, but recovers it at the outer saddle while exhibiting mass-asymmetric shapes or octupole deformations. Therefore we logically note that our nucleon pairing gap values at barrier deformation are larger than those extracted at normal deformation. This correlates with odd-even difference in barrier heights since the final agreement between fission cross section and experimental data rely on the balance between barrier heights and level densities.
Multiphase Temperature Level density
Our analysis of (n,f) cross-section data extends from a few keV up to 5.5 MeV, i.e. just below the onset of second-chance fission. When the excitation energy increases, the level density of the transition states becomes the crucial factor in the accurate determination of the cross-sections. We use our parameterized quasi-particle-vibration-rotation combinatorial model, described in Ref. [16] , for both the inner fission barrier and target nucleus level densities whereas a multiphase-nuclear-temperature level density model was used for the outer barrier to allow better agreement between experiments and theoretical calculations. However the choice of such an empirical level density can be justified by the following argument. Standard empirical level density formulae employed at given barrier deformation (main β axis) are excitation energy dependent (i.e.; ρ(U)) but no special grant is made for sudden changes in the number of degrees of freedom in the fissioning nucleus leading to sudden symmetry changes. Our fitted multiphase level density, ρ(U, T ) -Eq. 5-, by using a constant but independent nuclear temperature (T ) in each phase, is willing to cope with this argument.
(5) Figure 5 shows the behavior of the 15-phases level density adopted for the 240 Pu fissioning nucleus on top of the barriers. A same total level density can be reproduced with our quasi-particle-vibrationrotation combinatorial model using two different sets of nucleon pairing gaps, which fitted (∆ p ; ∆ n ) EPJ Web of Conferences 08004-p.8 couples are respectively assigned to (1.0; 0.8) and (1.1; 0.9) MeV. The first major sharp rise in these combinatorial level densities around 0.8 MeV is associated in the degenerescence of two individual collective band heads of mass asymmetry+bending and octuple vibrational natures respectively. On the same figure, we can visualize the postulated inner barrier combinatorial level density which magnitude, is approximately twice the outer barrier level density magnitude because of the axial symmetry breaking. Because of the total absence of neutron-induced experimental data, the prediction of the average fission cross section of 243 Pu is still more difficult to draw. We base our cross-section estimate for this nuclide on the analysis of the 242 Pu(t,pf) reaction to obtain valuable barrier heights and on models, level density trends and other quantities determined in analyzing the cross-sections of the other plutonium isotopes. Our predicted subthreshold average fission cross section is about twice the ENDF/B-VII.0 (≡ JEFF-3.1.1) evaluated cross section as can be seen on Figure 8 .
Fission Cross Section Prediction Capability of Short-Lived Nucleus
We believe that the consistent approach carried out during this work on the suite of the Pu isotopes gives us the opportunity to interpolate or extrapolate barrier parameters to the poorly known nuclei of that series with some reliability. In particular, our study relying on both neutron resonance data and transfer reactions analyses, supplies valuable information on barrier heights even for target nuclides which barriers lie below the neutron threshold energy. Figure 6 shows the inelastic and capture neutroninduced cross sections of 236 Pu. A change of 100 keV on those barrier heights has a major impact on the predicted capture and inelastic cross sections whereas no significant change is encountered on the related fission cross section. The experimental database of 236 Pu is quite sparse in terms of neutron-induced or transfer reactions because of its short life-time (τ 1/2 = 2.86y). Figure 7 shows our simulation compared to other evaluated data. The JENDL-4.0 [18] evaluation is representative of the average trend derived from the experimental data, which uncertainties are quite large below 50 keV but claimed to be smaller than 10% above.
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08004-p.9 240 Pu* barrier level densities summed over both parity and all spins versus excitation energy. The blackthick-solid curve is our empirical outer barrier level density (15 constant temperature phases up to 7 MeV barrier excitation energy) fitted to the experimental cross sections whereas both stair-red-and dash-blue curves are based on our combinatorial model for the same density with pairing gap values respectively of ∆ p = 1.0 MeV, ∆ p = 0.8 MeV (set 1) and ∆ p = 1.1 MeV, ∆ p = 0.9 MeV (set 2). The green-thin curve is our postulated inner barrier combinatorial level density superseded below 1.5 MeV by the inner individual transition states sequence.
Conclusion and Future Orientations
The R-matrix theory applied to the modeling of fission cross sections was developed in the early seventies and carefully used to interpret specific experimental cases of intermediate structures until the end of the eighties. However this is the first time that this theory is used methodically and consistently for a whole isotope family (plutonium) over a broad energy range, from the upper end of the resolved resonances to the onset of second chance fission. Our study demonstrates that a pertinent use of this theory with microscopic input leads to cross section simulations of quality comparable with the existing evaluations in this energy range. It is also shown that extrapolated or interpolated barrier heights and level densities can be used to make reliable cross section predictions for the short-lived isotopes of the series. Eventually for the isotopes whose fission barrier heights lie below the neutron emission threshold, transfer reaction analyses can be exploited to replace neutron resonance spectroscopy data. Ongoing AVXSF developments are focused on a more rigorous treatment of transfer reactions and class-II vibrational states whenever these latter are incompletely damped among the other degrees of freedom. Next stages will involve the other members of the actinide family in order to create a comprehensive "microscopic-type evaluated database" which used in correlation with reference input averaged data will improve our prediction capabilities. 236 Pu inelastic and capture cross sections versus neutron incident energy computed with our AVXSF code. The blue-thick curves have been established using inner and outer barrier heights respectively equal to 5.6 and 4.95 MeV (set 1) whereas the green-thin curves use barrier parameters shifted 100 keV upwards (set 2). 236 Pu fission cross section (red-solid curve) computed with our AVXSF code versus neutron incident energy and compared to the available evaluated data. Our predicted curve does not trust the average trend given by the experimental data which, are well reproduced by the JENDL-4.0 [18] evaluation. Pu(n,f) Fig. 8 . 243 Pu fission cross section (red-solid curve) computed with our AVXSF code versus neutron incident energy and compared to the available evaluated data. Our predicted average fission cross section is twice the value supplied by JEFF-3.1.1 [19] and ENDF/B-VIII.0 [20] .
